Abstract -We study the high-dimensional entanglement of a photon pair transmitted through a random medium. We show that multiple scattering in combination with the subsequent selection of only a fraction of outgoing modes reduces the average entanglement of an initially maximally entangled two-photon state. Entanglement corresponding to a random pure state is obtained when the number of modes accessible in transmission is much less than the number of modes in the incident light. An amount of entanglement approaching that of the incident light can be recovered by accessing a larger number of transmitted modes. In contrast, a pair of photons in a separable state does not gain any entanglement when transmitted through a random medium.
Although the multiple scattering of light in random media has been a subject of intense research activity for several decades [1, 2] , the quantum-optical aspects of this problem received only minor attention up to now. Transmission of nonclassical light through a random medium has been studied theoretically [3, 4] and-to a limited extent-experimentally [5, 6] . The quantum nature of light has been shown to be important in amplifying random media [7, 8] . Recent studies treat the propagation of entangled two-photon states through random media [9] [10] [11] [12] [13] [14] [15] and thus touch upon the central and the most intriguing aspect of quantum theory-the quantum entanglement. Typically, one considers an entangled optical state incident on a random medium and computes or measures the coincidence photodetection rate R αβ of two photodetectors either placed behind the medium and counting photons in transmitted modes α and β [9] [10] [11] [12] [13] [14] or embedded inside the medium at positions r α and r β [15] . R αβ is sensitive to the entanglement of the incident state but is not an unambiguous measure of entanglement of scattered light.
In this Letter, we study the modification of highdimensional entanglement of a two-photon state upon its transmission through a random medium which is much more turbid than the turbulent atmosphere [16, 17] but not sufficiently disordered to reach Anderson localization [10] . We consider a realistic experimental situation in which only a fraction of optical modes over which the transmitted light is expanded can be detected or used for further manipulation [18] . We characterize entanglement by three different measures: the von Neumann entropy; the Schmidt number; and the geometric quantum discord, and show that the multiple scattering in combination with the selection of only a fraction of outgoing modes degrades the average entanglement but never suppresses it completely. On the other hand, multiple scattering cannot entangle a state that was initially separable. These results clarify and complement the previous works on this subject in which the impact of multiple scattering on entanglement remained uncertain [9] [10] [11] [12] [13] [14] [15] .
We consider a general pure two-photon state wavelength λ; there is also the same number of outgoing modes in terms of which the scattered light can be expanded. In contrast to Ref. [14] we do not treat the spectral structure of the incident light here and assume that light can be considered monochromatic.
To quantify the degree of entanglement of the state (1) we perform the singular value decomposition (SVD) of the matrix C: C = U DV † , where D = [d n δ nm ] is a diagonal matrix and d n are singular values of the matrix C equal to square roots of the positive eigenvalues λ n of the Hermitian matrix CC † . Substituting C = U DV † into Eq. (1) we obtain the Schmidt decomposition of the state |ψ [19] :
The number of terms in the sum of Eq. (2) depends on the number of positive λ n and can be small even if the representation (1) of the state |ψ requires many modes. In fact, SVD that transforms Eq. (1) into Eq. (2) amounts to a change of basis that allows to rewrite |ψ in the most compact form. The bosonic nature of photons imposes symmetry of the matrix C, C T = C, and results in U = V . The advantage of Eq. (2) is not only that it contains less terms than Eq. (1) but also that it allows to measure the degree of entanglement of the state |ψ . Indeed, if Eq. (2) contains only one term, our change of variables fromâ i toû i has put the state |ψ in a separable form explicitly showing that the state is not entangled. If Eq. (2) contains two terms but d 1 = d 2 , |ψ can be obtained by symmetrization of a factorized product of two orthogonal states and should thus be considered nonentangled too [20] . In contrast, having d 1 = d 2 or more than 2 terms in Eq. (2) means that |ψ is entangled and can be neither put in a separable form nor obtained by symmetrization of a factorized product of two orthogonal states in any basis. Note that this criterion of entanglement is more restrictive than the requirement of nonseparability in a given basis associated with the entanglement of modes in contrast to the entanglement of particles (photons) that we consider here [21] . The proper mathematical criterion of entanglement for systems of identical particles is still under active debate which is beyond the scope of this work (see, e.g., Refs. [21] [22] [23] and references therein). The criterion defined above following Ref. [20] will be sufficient for our purposes although it lacks universality, i.e. it applies for two identical bosons but not for fermions or distinguishable particles.
The degree of entanglement of the pure state (1) can be quantified by the von Neumann entropy E = − n λ n ln λ n , the Schmidt number K = ( n λ 2 n ) −1 [19, 25] and the geometric quantum discord D = 2(1 − √ λ max ) [26, 27] , where λ max = max n (λ n ) is the largest Schmidt eigenvalue. K is the number of significative terms in the Schmidt decomposition (2) whereas E quantifies the amount of information required to describe |ψ . D measures the distance (in the Hilbert space) from the state |ψ to the nearest separable state. E, K and D are independent of the choice of basis in Eq. (1). E and K are commonly used in quantum optics [28, 29] whereas D is somewhat less popular. As follows from the discussion in the previous paragraph, a two-photon state is entangled when K > 2. Otherwise, if K ≤ 2, one have to know the number of terms in the Schmidt decomposition (2) of the state (also called its Schmidt rank and not necessarily equal to K) to judge about entanglement [20] .
As physically realizable simple examples, let us consider the maximally entangled and the separable states involving M ≤ N modes. For the maximally entangled state, 
where S is an N × N scattering matrix. Substituting Eq. (3) into Eq. (1), we can rewrite the latter as
where C out = SCS T is an N × N matrix. Because the scattering matrix S is unitary, the matrix C out C out † is obtained from CC † by a unitary transformation and hence their eigenvalues coincide. Therefore, the light scattered by the random medium preserves its degree of entanglement measured by any quantity defined through the eigenvalues {λ n }, including E, K, and D. However, in a typical experiment it is very difficult or even impossible to have access to all N outgoing modes and one detects M out N modes only. The results of measurements involving M out modes can be described by the projection of the state (4) on the corresponding subspace of modes,
where C out is an M out × M out matrix with elements C out αβ = ηC out αβ for α, β ≤ M out . The numerical coefficient η is introduced to ensure ϕ|ϕ = 1, its value will depend on the particular realization of the random scattering matrix S and the precise choice of M out modes. Introduction of η corresponds to a postselection procedure in an experiment.
Only those measurements should be taken into account in which the two photons were effectively found in the M out detected modes. To simplify further analysis we will enforce the normalization requirement ϕ|ϕ = 1 only on average, i.e. we will require ϕ|ϕ = 1, where the overbar denotes averaging over random realizations of the scattering matrix S. The precise condition of validity of this approximation depends on the statistics of S but roughly speaking, it reduces to the requirement of a large number of modes M out 1 provided that fluctuations of |S αi | 2 are not pathologically strong which is the case for weak disorder, far from the Anderson localization transition [2] . The photocount coincidence rate of two detectors counting photons in two outgoing modes α and β, studied in Refs. [9] [10] [11] [12] [13] [14] [15] , is simply
wheren α =b † αbα is the photon number operator and : . . . : denotes normal ordering. R αβ is the random two-photon speckle [9] that, by analogy with the usual one-photon speckle I α = n α , should be characterized by its statistical properties. The probability distribution of R αβ was shown to bear signatures of entanglement of the incident light [9] but it is unclear whether it can be used to quantify the amount of entanglement in the scattered light. As we discussed above, for quantum states of the form (5), conventional entanglement measures (such as the von Neumann entropy E, the Schmidt number K and the quantum discord D introduced above) rely on eigenvalues λ n of the matrix C out C out † and not on the values of elements C out αβ of the matrix C out . These eigenvalues are more difficult to access experimentally than coincidence rates; their measurement requires implementation of interferometric methods as it was done, for example, in Ref. [30] for photon pairs entangled in orbital angular momentum. However, the Schmidt number can also be determined without knowing the eigenvalues λ n by exploiting the link between the entanglement of the two-photon state and the degree of coherence of its one-photon components [31] . In our case the matrix C out is random and hence the eigenvalues λ n should be characterized by their joint probability density p({λ n }). If known, the latter gives access to statistical distributions of E out , K out and D out that now become random quantities too. In the present Letter, we will compute only the eigenvalue density p(λ) that allows obtaining the average values of E out , K out and estimating the average value of D out .
Let us now characterize the degree of entanglement of the state (5). To compute the eigenvalue density p(λ) of the random matrix C out C out † we introduce a truncated M × M matrix C that contains the non-zero part of C and a truncated M out × M matrix S that contains the relevant part of the full scattering matrix S. Then C out = ηSCS T and the free probability theory can be applied to determine the probability distribution of eigenvalues of C out C out † from the statistical properties of S for a given C using calculational techniques similar to those of Ref. [18] . The free probability theory [33] allows calculating statistical properties of a product of matrices from the statistical properties of multipliers. In particular, it states that the so-called s-transform of a matrix C = AB is equal to the product of s-transforms of A and B, s AB (z) = s A (z)s B (z), provided that the matrices A and B are asymptotically free. The notion of asymptotic freeness is an equivalent of statistical independence for matrices; its rigorous definition can be found in Refs. [33, 34] , for example. To fully benefit from the power of the free probability theory, we will restrict further consideration to large numbers of incoming and outgoing modes: M , M out 1. Assuming that the matrices S and CS T S * C † are asymptotically free, we readily obtain
where µ = M out /M . This equation allows calculating the s-transform of C out C out † from the statistical properties of S (encoded in the s-transform of S † S). The corresponding resolvent g(z) is then obtained using the relations zs(z) = (1 + z)χ(z), g[1/χ(z)]/χ(z) − 1 = z, and, finally, the probability density of eigenvalues λ is found as p(λ) = −(1/π) lim →0 + Img(λ + i ) [32] .
Let us apply the above program to the maximally entangled incident state involving M modes and a weakly disordered random medium which, provided that M , M out N , is characterized by a scattering matrix S with independent complex elements having normally distributed independent real and imaginary parts with zero means and equal variances [2] . For concreteness, we assume that the random medium has a shape of a slab and that the M out modes in Eq. (5) correspond to the transmitted light [35] . The average transmission coefficient is T = |S αi | 2 and we find
Substituting Eqs. (8) and (9) into Eq. (7) we obtain
An equation for the resolvent g(z) of the matrix C out C out † then readily follows:
We solve the cubic equation (11) for g(z) analytically (the resulting formulas are quite lengthy and we do not reproduce them here) and then find p(λ) from the imaginary part of the solution. The result is illustrated in Fig. 1 eigenvalues give rise to a peak in p(λ) around λ = 1/M , as can be seen in Fig. 1(c) . A reader familiar with the random matrix theory might note that the distributions shown in Fig. 1 are similar (though not identical) to the familiar Marchenko-Pastur law describing the eigenvalue distribution of a product of a random matrix H with zero-mean complex independent identically distributed elements and its Hermitian conjugate H † [34] . This is not surprising since the random matrix S that we use to describe the transmission of light through the random medium has the same statistics as H.
Average values of the entropy E out , the Schmidt number K out and the quantum discord D out are calculated by averaging E out , K out and D out over the distribution p(λ). For the entropy, the result can be written as E out = E−δE with δE > 0 representing the average loss of entanglep-4 ment entropy upon the transmission through the random medium. We find that at any given M , δE is a monotonously decreasing function of µ = M out /M and that
These asymptotic formulas are shown in Fig. 2(a) by dashed lines together with the numerical average of δE using p(λ) following from Eq. (11) (lines) and the exact result obtained by numerically generating random realizations of matrices S and averaging over many realizations (symbols). An alternative way of writing the same result is
A simple analytical approximation for the average Schmidt number K out can be obtained by replacing the average of inverse by the inverse of average in its formal definition. This is justified by the fact that λ 2 n is a weakly fluctuating quantity for M out 1 and the scattering matrix S having Gaussian statistics as described above. Hence the average of the inverse of λ 2 n and the inverse of its average are not very different. Then
where λ 2 = (1 + 2/µ)/µM 2 is calculated from the solution of Eq. (11) using the relation varλ = λ 2 − (λ) [34, 36] with B(z) being the inverse function of g(z): g[B(z)] = z, and λ = 1/M out imposed by the normalization condition ϕ|ϕ = 1. As can be seen from Fig. 2(b) , Eq. (14) is in a very good agreement with numerical results.
The average geometric quantum discord D out of the state (5) can be estimated by replacing the average of the square root of λ max by the square root of the upper boundary λ + of the support of the eigenvalue density p(λ): D out 2(1 − λ + ). Lower and upper boundaries of the support, λ − and λ + , can be found using the standard methods of random matrix theory from the condition dg(z)/dz| z=λ± → ∞ [34, 37] , with g(z) found from Eq. (11):
As we see from Fig. 2(c) , this approximation yields satisfactory results although the agreement with exact numerical calculations is not as good as in Figs. 2(a) and (b) . This is not surprising because, in contrast to λ 2 n , λ max fluctuates significantly from one realization of disorder to another and hence the knowledge of its precise statistics is needed to obtain accurate results.
The condition M , M out 1 ensures that K out is always larger than 2. Therefore the transmitted photon pair remains entangled on average [20] although the entanglement is degraded because E out < E, K out < K = M and D out < D (since λ + > 1/M ). For small M out M , the transmitted state is close to a random entangled state [24] :
No memory about the number of modes in the incident light survives multiple scattering; the entanglement of the transmitted state is determined by the number of outgoing modes M out . On the contrary, for large M out M the degree of entanglement of the transmitted state is close to that of the incoming light:
, despite the multiple scattering. On the one hand, this is quite a surprising result that shows that entanglement is much less sensitive to disorder than one might expect, provided that sufficient information about the scattered wavefield is recovered (i.e. that M out is sufficiently large). On the other hand, one should remember that while the incident light is in the maximally entangled state, the degree of entanglement of transmitted light is much less than its maximum value allowed for a two-photon state involving M out modes. Therefore, while the absolute amount of entanglement is almost preserved when M out M , its relative amount (with respect to the maximum possible amount given the number of modes) is significantly reduced. Nevertheless, it is interesting to note that the entanglement is degraded but never lost completely upon transmission of a maximally entangled state through a random medium.
If the initial state (1) is separable (C ij = 1/M for i, j ≤ M and C ij = 0 otherwise), we readily see from Eq. (5) that the state |ϕ is separable too. Thus, scattering in a random medium cannot entangle a photon pair that was initially in a separable state. Let us check whether this result is correctly captured by our Eq. (7). We proceed in the same way as for the maximally entangled state and obtain an equation which is similar but not identical to Eq. (11):
Solving this equation yields p(λ) that has two peaks: one at λ = 0 and one around λ = 1. The height and the width of the second peak depends on M out but its integral is always equal to 1/M out . This suggests that the nonzero width of the second peak (that also makes possible p(λ) > 0 for unphysical λ > 1) is an artifact of imposing the normalization condition ϕ|ϕ = 1 only on average. In the limit of M , M out → ∞, p(λ) converges to
which is confirmed by numerical simulations to be the solution of the problem for any M , M out . The resultp-5 ing entropy is therefore E out = 0, the Schmidt number is K out = 1, and the quantum discord is D out = 0. Therefore, Eq. (7) correctly captures the impossibility of entanglement creation upon transmission of a photon pair through a random medium. Note that this result is not in contradiction with Ref. [12] where multiple scattering was predicted to induce entanglement of modes that should be distinguished from the entanglement of photons that we study in this Letter.
In conclusion, we considered the impact of multiple scattering in a weakly disordered random medium in combination with the subsequent selection of only a fraction of outgoing modes on the high-dimensional entanglement of a photon pair. Instead of the photocount coincidence rate that can be expressed through the absolute value square of an element of the matrix C out describing the state [see Eq. (5)], we calculate the eigenvalue density of the matrix C out C out † and its global properties (the von Neumann entropy, the Schmidt number and the geometric quantum discord) that provide quantitative measures of entanglement in the scattered light. As could be expected, the entanglement does not change if all scattered light is collected. In a more realistic situation, when only a small fraction of outgoing modes is accessible, an initially maximally entangled photon pair remains entangled but the amount of entanglement is reduced. To recover the amount of entanglement of the incident state, one has to access a number of outgoing modes exceeding significantly the number of incoming modes over which the incident light is expanded. And finally, a pair of photons in a separable state does not gain any entanglement when transmitted through a random medium. * * * We thank D. Spehner for discussions.
